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Introduction and Historical Summary. 

In their efforts to place mathematical analysis on the firmest possible foundations^ 
Abel and Cauchy found it necessary to banish non-convergent series from their 
work ; from that time until a quarter of a century ago the theory of divergent series 
was, in general, neglected by mathematicians. 

A consistent theory of divergent series was, however, developed by Poincake in 
1886, and, ten years later, Borel enunciated his theory of summability in connection 
with oscillating series. So far as diverging power series are concerned, the theory 
of BoREL is more precise than that of Poincaee. 
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Since the paper of Poincare appeared, researches have been pubhshed by a host 
of mathematicians. It is sufficient to mention the names of Cesaeo, Le Roy, 
Van Vleck, Stieltjes, Mellin, Mittag-Leffler, Barnes, Hardy, and Littlewood 
as investigators, either of the general theory of oscillating and asymptotic series, or 
of the asymptotic expansions of particular classes of functions. Complete biblio- 
graphies are to be found in Bromwich's ' Theory of Infinite Series,' and Barnes' 
' Memoir on Integral Functions.''^' The former work contains an excellent history of 
the subject. 

It might be considered that, when the theories of Poincare and Borel had been 
discussed with such vigour, there would be comparatively little room for further 
general developments of the subject. In this memoir, however, I propose to discuss 
an aspect of the theory which has hitherto remained unnoticed, and which promises 
to have many useful apphcations. In fact, I have already found it to be of 
importance in connection with the problem of expanding an arbitrary function in a 
series of inverse factorials, and it is highly probable that the theory can be employed 
with advantage in particular cases of the problem of expanding an arbitrary function 
in a series of normal functions. A simpler application is that of determining an 
upper limit to the number of terms that should be taken in a given asymptotic series 
in order that, for a given value of the variable, the difference between the asymptotic 
expansion and the analytic function represented by the expansion should be as small 
as possible. 

It i>s convenient here to specify precisely the meaning of certain expressions used in the sequel : — 

(i) If a; be a real variable, the statement q: > a means that some positive number A (independent of x) 

exists, such that x^a + /^. Thus it might be convenient to take A = lO"^^^. 

(ii) A function /(a:), of a complex variable a;, is said to be analytic in the region \x\< a when the 

function has no singularities in the interior of the region, although it may have singularities on the 

boundary |.'c| = a. 

We say that the function is analytic in the region \x\-^a when some positive number A exists such 
that the function is analytic in the region \x\< o.-\-^. 

(iii) A function f{x) is said to be analytic in the sector a :< arg a; < /^ when, if Xq be any singularity of 
fix) in the finite part of the plane, % is not within the sector, and the distance of Xq from the boundary 
of the sector is at least equal to A. The statement does not mean that f(x) is "regular about the point 
x = 00," i.e., that/(^) can be expanded in a convergent series of negative integer powers oi x ii \x\ be 

sufficiently large. 

(iv) When a region is specified by means of two inequalities (e.g., \d.vgx\ < ^tt, \x\<l) we mean the 
reoion in which both the inequalities are satisfied, unless an explicit statement is made to the contrary. 

(v) It is necessary to make use of the ideasf of " Orders of Infinity " so frequently that attention is rarely 
directed to their use. Thus, if we have \xn\< />'' where p is finite, and n is any integer, no matter how 
large, we should, if necessary, say at once that \Xn\< K,n\ where K is finite. 

Before proceeding, it is desirable to summarize the chief points of the theories of 
Poincar:e and Bohel : — 

^ 'Phil. Trans.,' A, vol. 199, pp. 411-500, 1900. 

t Hardy, "Orders of Infinity" ('Cambridge Tracts in Mathematics,' No. 12). 
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(i) A function /(a^) is said to possess an asymptotic expansion (in the sense of 
PoiNOARi) for large values of \x\, and for a certain range of values of arg a?, if^ for 
such values of arg x^ the function can be expressed in the form 

t iXj = CCq-t — I — 5 _}-^ ^ ^ -j- — _j_ XiJ«. 

where | R^, | ^ J^^ | a? | ""^"^ when | a? | > y. 

The quantity y is finite, n is any assigned finite integer, and J,, is a finite quantity 
depending on y and n^ but not on \x\. 

(ii) Borel's theory is an attempt to associate with the series 

0.0+-' +-! + ..., 

a quantity, S, which shall be equal to the sum of the series if the series happens to be 
convergent, and which shall have a definite meaning if the series be divergent. 
Putting 

BoREL defines S by the equation 

/iOO 

S = e~*<l> (tjx) dt ; 



when the integral converges, the original series is said to be '' summable.'' 

This theory requires some knowledge of the singularities of the function (j). Such 
a requirement is a defect of the theory, so far as many applications to asymptotic 
expansions are concerned, for it will often happen that, when we are given a function 
f{x), we can obtain an asymptotic expansion of Poincarje's type with some knowledge 
of the values {or the upper limits of the values) of %, ^i, ..., a^, R^; we may be able 
thence to deduce the radius of convergence^ of the series for the function ^ (t), and 
yet have no knowledge of the singularities of ^ (t) outside the circle of convergence of 
the series for <j> (t). By this lack of knowledge Borel's theory is robbed of a great 
deal of its usefulness.! 

Some severe strictures | have been passed by Mittag-Leefler upon Borel's theory 
for other reasons. 

After these preliminary statements, we summarize the objects of this paper. In 
Part I. we define certain quantities called characteristics, which bear much the same 
relation to an asymptotic series as the radius of convergence bears to a convergent 
series. The definition is a natural consequence of an attempt to impart more precision 

* Wliicli may be finite, as in the case when a^ == ( - )'^ . w !. 

t See, e,g,, the assumptions made in § 104 of Bromwich's ' Theory of Infinite Series.' 
I At the Fourth International Congress of Mathematicians. See the ^Bulletin of the American 
Mathematical Society/ vol. xiv. (ser. 2), p. 485. 
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to Poincaee's theory by making use of some of Borel^s ideas, but without making 
use of any of the properties of Borel's associated function, (^ (^), so far as the 
singularities of this function outside its circle of convergence are concerned. After 
defining the characteristics of a series, we proceed to prove a number of simple 
theorems concerning the characteristics of series derived in various manners from a 
series with given characteristics. 

So far the analysis would not appear to have any practical importance. To justify 
its existence we investigate, in Part 11. , the circumstances in which an analytic 
function, known to possess an asymptotic expansion with assigned characteristics, is 
determined uniquely by its asymptotic expansion.^^ It is then possible to determine 
circumstances in which an asymptotic expansion, with given characteristics, is 
'' summable ^' by the method of Borel. 

Finally we investigate the characteristics of the asymptotic expansion of a function 
derived from the ''logarithmic-integral'^ function, as a simple example. Further 
examples, namely, of the gamma function and of Mittag-LefflepJs function, E^(.t), 
are contained in another paper by the writer, f 

It should be mentioned here that the theory described in this memoir does not 
cover the investigation of those functions for which Borel's associated function, ^ (^), 
has a sequence of singularities at the points ^i, ^2? --s such that L^ arg ^^ = ; such 



n = 00 



an associated function would be, e.g.^ cot 7r(^ + i), which has singularities at the points 
t = —i-^n (n any integer). It seems, however, that none of the ordinary functions 
of analysis possess associated functions of this nature. 

Part I. -—The Characteristics of Asymptotic Series, 

1. The type of function,! /(x), which we shall discuss, is subject to the condition 
that, when |x| > y, a :^ arg ;iJ :^ /3 (where a, ^, y are given finite quantities), it can 
be expressed in the form 

fix) ^ (Xq H h — 5 4" . . » + — - + JA/^, , . . , , . . . ( i ) 

where 

S k :V (lm-\'\) , p!\ » . . (1a) 



^'n 



E^.'r^^"'-'|<B.r(k+l).(r^ . . . . . . . . (1b) 

The number n is any integer, and the quantities A, B, k^ /, p, a are independent of 



n 



and 



X 



■^ It is known tliat an asymptotic expansion of Poingare's type does not determine an analytic function 
uniquely; thus (1 +a;)"'^ and (1 +a;)"^ + (3~^ have the same asymptotic expansion, viz., 1 -a;"^ + a;~2 _ _^^ 
when I a; I is large and | arg x \ < ^tt. 

t To be published shortly in the ' Quarterly Journal of Mathem.atics,' 

J Throughout Part I. of the paper the functions are not restricted so as to be analytic. 
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The novelty introduced in these assumptions lies m the fact that we consider a^ 
and R,, (or, more precisely, the moduli of the^e quantities) as functions of n for all 
values of n, no matter how large. 

It will be convenient to give names to the quantities A, Bj Iv, I, p, cr ; we shall call 
h, I, p, cr characteristics of the series (1) ; h will be called a grade, I an aider grade, 
p a radius, a an outer radius of the expansion. The quantities A and B will be 
called constants of the expansion. 

If an inequality of the form (I a) can exist when h ^ ^o? but not when k < ko, we 
might, for greater precision, call k^ i\iQ principal grade of the series ; and the smallest 
possible value of p associated with k^ might, in like manner, be called the 'principal 
radius ; similarly we could define the principal outer grade and the principal outer 
radius. But it is found that this additional precision is unnecessary, and we will 
accordingly prove all our propositions for any possible characteristics ; and, further, 
it may be stated that the characteristics, determined for particular series (such as 
the asymptotic expansion of the gamma function) by the ordinary processes of 
analysis, are of such a magnitude that, although they may not be principal 
characteristics, we could not expect to obtain any additional knowledge of the 
functions investigated by knowing the actual values of the principal characteristics. 

Examples :—- 

(i) Let 

log a-n = Icn log ?i + c?i (1 + e,j,), 

where |e;^|-^ as ?i-^ oo, and h is real and positive. 

The p'incipal grade is k. 

The pincipal radius is (by the asymptotic expansion of the gamma function) | exp {c-k (log k-l)}\, 
provided that the upper limit of R {ene-,^, as ti -^ co, is not + co. 

If the upper limit of E {cne^^ is + oo, the quantity | exp {c-k (log /<; - 1)} | + 5 is a possible radius, where 

S is an arbitrary positive quantity, but not zero. 

(ii) Let 

log an = kn log n + cn{ V(log n) + e, J , 

where k and c are real and positive. 

The quantity k -h^i is a possible grade ; and 82 is a possible radius ; 5i and 82 being arbitrary positive 
quantities, but not zero. 

Too 

(iii) The reader may prove that, if f{x) be defined by (1), then { f {£) - a^ - aix~~^} dx has the same 

characteristics as f{x) when k-^l and I :< 1, where the path of integration is the straight line which, when 
produced backwards, passes through the origin. 

Theorem I. — If k, I, p, a are possible characteristics of an expansion, then, if we 
regard I and a as being given, we may always assume that the quantities k and p are 
such that 

(i) k ^l ; (ii) it k = I, p ^ cr. 

For from equation (l) we have 

2 o 2 
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BO that 



i,e.^ 



a 



7i + l 



{ ^>7l + -^\ + l J 



X 



tl'Vl 



a. 



n + l 



Ba-"{r (In+l) +(r\x\ "~^r (In + l+l)} 



Now, for all values of n, ^(^?^+l) < K.T (ln + l+1)^ where K may be taken to be a 
finite number independent of 7^. 

Therefore, since | ^ | > y, assuming that y is not zero, we have 



Ct'o, J 



n-Vl 



< B(r'T{ln + l+l){K + o'y-~^}. 



Comparing this equation with (1a), we see that I is a possible grade; in other 
words, if we are given a number I as an outer grade, and a number k^ greater than 
/, as a grade, we may take ^ as a new possible grade. 

We also see that if k ~ I, and we are given a as an outer radius, and a number p 
greater than cr as a radius, we may take a as a new possible radius, 

2. Let us now consider the product of two functions fi (x), /g (x) whose expansions 
(valid over a common range of values of arg x) are 



f^(^x):=ao+^ +.,,4-'^'^ 



X 



a 



■,n 



a 



a 



+ -tv^. 



Let possible constants and characteristics of these expansions be Ai, Bi, ki, l^ pi, Ci ; 
As, Bg, /vg, 4, />2, 0-2 respectively. 

We shall show that, for the range of values of arg x for which both these 
expansions are valid, the product /i (x) /g (x) can be represented by an asymptotic 
series of which possible characteristics are /cq, ^o? />oj ^o 5 where /cq? ^o? />o? <^o denote the 
greater of the numbers 7^, /tg ; ^u h ', Pu P2 1 ^u ^2 respectively. 

By direct multiplication 

where 



X 



/-y»' 



Oji -— Clod ji -r CiiCt ^_] -r • « • "f" CljiC(' ( 



Oj 



a, 






SO that 



6„ I < Ai A2 ^ r {rh +l)T{{n~r)h+l} p^'p^ 



n~r 



r = 



Now, when^^ f>0, r(l + ^) is positive and decreases as f increases till 
^ = 0'461.,.(= £0, say) ; when f > ^o,r (1 + ^) increases with f ; and when <f <l5 
r(l"hf)<l. 

*' De Morgan^s ' Differential and Integral Calculus ' (1842), p, 590. 
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Also r(l + |o) = 0*8856... = 7jo"\ say. 
So that if 

and if, further, 

^^1, r(i + n<r(i + |). 

Returning to the definition of 6„, we get from these results 
h„ 1 ^ AX t r {rh +l)T{{n-r)h+l} p{pr\ 

r = 

:< AiA,po'' [r (ti/c2+ 1) +r (riy^i+ 1) + 't V {rh^^- 1) r {{n-r) ^^2+ 1}], 

n — 1 



^A,k,p^'\{l-^yj,)V{nh,+ l) + -q, t r(r/to+l)r{(«-r)/co + l}], 

r = 1 

where 

7^^ = 7^0 if 1h < 1 and h^ ^ /ca, 
and 

7^^ = 1 if either or both of the conditions h^ ^: 1 , /c-^ = h^ are satisfied. 

Now consider F (^) = F (£A;o+ 1) T {(^— ^) /i^o+ 1}? <l'^<^ function of a continuous real 
variable ^. If i// denote the logarithmic derivate of the gamma function, we have 

AF(f) = y^oF(0[V'(^^o+l)-r|'{(n-a^o+l}]. 

d '^ 1 
But, since -j^i//(£) = S -r^ rg, we see that '^{^) increases with f when |^> 0. 

Hence ;7>F (f) is negative when f ^ ^^-~f ; and therefore, in the summation 



t 



t T{rh+l)V{{n-r)ko^l}, 



the terms decrease until the middle term (or terms) and then increase, terms 
equidistant from the beginning and end of the summation being equal. 

Two distinct cases now come under our consideration, (I.) when ko^ 1^ (II.) when 
h < 1. 

In the first case, using the equality 

r(y^o+l)r{(n~-l)^o+l} = T{nko-^l) \ {l-z''^f''-^^^^dz, 

Jo 

we have, from the result just proved. 



n-l 

t 

r = l 



t V{rk,+ l)V{{n-r)ko+l}:S{n-l)T{k, + l)V{(n-l)h+l}, 

:< (ft - 1 ) r (w^o + 1- ) ( ( 1 - z'/M<"-'' "" dz, 

Jo 
Jo 



since 

1— z^^*" < 1—z 
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From this we deduce^ that 



6,, I < AiA^po"' (2 + h~"^) V (nk + 1 )• ^ ' 



e 



• (2) 



In the second case, let m be the greatest integer such that mJvQ < 1 
When n :^ 2m + 1, we have^ as in the first case, 



n—l 

t 

r = l 



t T{rko+l)T{{7i-r)k-\-l} ^ (n-l) T (h+l) T {(n-l) k+l}, 



Jo 



-< 



■«< 



(f^-l)r(n/i;o-fl); 
2mT [nk^^^l), 



since the integrand is less 
than or equal to unity 



so that, when"^ n ^ 2m + 1, we deduce from the inequality on the preceding page : 
Lastly, when n ^ 2m + 2, we have 



w— 1 

t 

r = l 



% T {rho+l)T {{n-r) h+1} 



m 



2 S r {rh, + 1 ) r {{n - r) h,+ l} + t V {rk, + 1 ) T { {n - r) h+l} 



r ~1 



ni 



n — l— 7ft 

r = m + 1 



since r(r/co+l)<l v/hen 1 

n—l — m 

2 are the first and last. 
But, when J ^ r 



2 t T {{n-r) ko-i^l} + {n-l-2ni) T {{m+1) Jco+1} V {{n-m-1) ko+l} 



r ^ m, and the largest terms of the summation 



m 



, r{(n—r)kQ+ 1} ^ r (n/co+ 1) ; and hence 



n~l 
r== 1 



t r (?';^o+ 1) T{{n-r) ^0+ 1} ^ 2mr (^^7^0+ 1 

Jo 

^ 27nT ink,-{'l) + {n-l-277i) T (nko-i^l) f (l-2;y^"^"'^^«6?^, 

Jo 

""since 1—2;^'^''''^^^^'" :^ 1—2^] 
^{2m + ko"~^}T{7ik,+ l), 

and consequently, in the second ease, for all values of n^ we have 

K\< Ai A^po'' {1+^1 + ^1 (2m + ^o"'^) } r {nko + 1 ) . , , . . (2a) 
We see at once that this formula covers the first case also (m being then zero) 



^ This is only proved when 7^ >: 1 ; but it is obviously true when n == 0, 
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We have thus proved thatfi {x) f2 (•^) possesses an asymptotio expansion of which Jcq 
is a grade and po i^ ^ radius^ and a possible constant is 

A.1A2 { 1 +7?i (2m+ l-vhi')], 

where m is the greatest integer such that mh^ < 1, and tji is defined as above. 
We now wish to determine an outer grade and an outer radius. 
We have seen that 



hn — a^K n + JlV n^i + ... H 1 ii ^ + ^n {<^ + J-^ o)? 



SO that"^' 



n 



SX""' I < A1B2 t V {rk,+ 1) T{{n-r) 4+1 } /)iV/-'' + Bir (nk + l) a^" (A^+B^y-'). 



r = 



Let us suppose that I2 ^ h, so that 4 ^ ^'1 ; then, since pi ^ cto, o"2 :^ o-q, we get, as in 
the previous work, 



n 





SX"'' i < AiB^ll + Vi (2m'+ 1 + /o~')}r (n^o+ 1) (^ 

+ A^BiT?^ r (n^o + 1 ) < + BiB,7?^ r (^^^0 + 1 ) y ~ Vo^ 

where m^ is the greatest integer, such that m7o < 1, 

7)\ -- Tjo if k > ^1 and 4 < 1 (otherwise r]\ = 1), 
Tj'^i ~ Vo if 4 > ^1 and 4 < 1 (otherwise 7^^\ =1). 

We consequently get always 

S..^^^' I < [(A1B2 + A^Bi)!! +7?2 {2nU l+Io~')} + BiB2W~'] <r {nk-h 1), 
where 172 = 070 if ^0 < 1, '>?2 = 1 if ^0 ^ 1- 

That is to say, Iq is an outer grade, a^ an outer radius^ and 

(A1B2 + A^Bi)!! +772 {2m' + l + lo~~yf + BiB,r),y-' 

is a possible outer constant of the asymptotic expansion of fi {x) ^{x). 

We have thus obtained the results stated at the beginning of the section. 

We deduce that if two functions f (x), /g {x) both have asymptotic expansions with 
h, Z, p, cr as a set of characteristics, and possible constants being Aj, Bi ; A^, Bg 
respectively, then the product f {x)f2{x) has an asymptotic expansion with the same 
characteristics, the constants being Aq, Bq, where 

Ao = AiA2(2w + 2-fr^), Bo = (AA+A2Bi){l-l-7?2(2p+l + r')}+BiB27~\ (3a, b) 

■^ The quantity y is defined in connection with equation (1). 
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where m, p are the greatest integers, such that 

mk < 1, pi < Ij 
and 

rj2 — rjo ii I <i 1, r]2 = 1 if 1^1. 

Also, by induction, we deduce that if f (x) have an asymptotic expansion with 
Jc, Z, p, cr as characteristics, {f{^)Y has an asymptotic expansion with the same 
characteristics, r being any finite positive integer. 

Let us, however, examine the series for {f{x)Y in greater detail when r is a positive 
integer. 

Changing the notation slightly, let A, B, k^ /, p, cr be possible constants and 
characteristics off(x); we may therefore take A^., B^, /c, ?, p, cr as constants and 
characteristics of {f{oo)y, where 

A^ = XAiA^„i, B^, — (AiB.,,„i"f Ay^iBi) X^+BiB^_iy~-'. 

This follows from (Sa) and (3b) combined with the identity 

{f{x)Y=f{x){f{x)Y^^; 

we have written Aj, Bi for A, B, and we have also written X, X' for the quantities 
2m + 2 + k-\ l4-772(2p + l4-r') of (3a) and (3b). 
We see at once that 

A, - r"~'A\ B, = (AV + By"-^) B,^i + A^'-^BX^"V. . . , (4a, b) 

Dividing through (4b) by (AX^ + By""^)"*, putting r = 2, 3, .,, and adding the results, 
we get without difficulty 

r~-2 / A \ \n 



n 



=.o\AV + By~7 * 



From equation (4b) we see that we should get a rather larger value of B^ than is 
given by that equation if we put /x for both X and X^, where 

II ■=, i-|-7j2(2m + l+/i^""^), 
so that /x >: X, \l'^\\ since m >: p, k'^^ ^ Z~\ 

The result is so much simpler that we shall do so ; and the result we get is that 
BV is a possible outer constant of {^f {x)Y where 

B; -: y{(A/x + By~7'-~"(A/x)^}, (5) 

3. We shall now prove that, \i f{x) has an asymptotic expansion with k^ Z, p, cr as 
characteristics, then exp {/'(i^)} possesses an asymptotic expansion with the same 
characteristics. 
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Let A, B be possible constants o£ f{x) ; from the definition o£ f{x) we have, with 
the usual notation, 



ex-p {f(x)} = exp Gq . exp Ro 



= (exp (Xo) 



i i Or -^0 I I -^^0 I 

I ■■■| " w > .1 — '■♦— nni III |i ■» ' l i—» •H-iiM I ■||n II ■ In p 



1! 2! 



n ! 



(n+l)\ 



+ . . . 



Now, by the work of the preceding section, we can expand Rq"" in an asymptotic 
series with characteristics k, I, p, a", and the expansion will be of the form 



T> »j , m^m I m 



^m+1 









tXj 



Jl 



m'^ttf 



where, by (4a) and (5). 



and 



6, 1 < A'''X'''-^T {kr + 1 ) p^ (r >: m) 
&r = {r < m) 



x^^\. ,Sn I ^ r [(A/^+By"^f ^(A/x)^^] r (k+ 1) (T^ 



We may consequently write 



c 



C/* 



exp/(«) = «o+^ + -^ + ... + --:+T„ 



where 



^?t — (exp C&0 ) 






-T -m + ... + ■ 



/y%ft 



-I-. • A«/ « 



n I 



f 



Oq — 6^P %J 



and 



j-,1 •^-— ■ (exp ^0 / 



S S 



t + 2 



q -p n+l p n- 

I "rrr "T" . . . i r i "7 r~r~: + ":; ~r^ + . . . 



1! 2! 



nl (n+l) I (fi+2)! 



Consequently, if fi > 0, 



o. 



» 



exp ao 



?i 



t fLiL_r(^^+i)p 



n 



^.6., 



and 



c, 



Further. 



n 



'0 



X ^|expao[ {exp (AX)— 1} r(Xii+l)/)% . . 



exp Gq 



T 



n 



exp ciq 



% 



X 



R. 



..^1 '^^""^^ ^(fi+1)! • (^+2)! 



+ -— L_-- -|- , , 



!^E I exp 0^0 



X 



—n—l 



t y {(A/^ + By-0'"-(A/x)'"l ^^^^^+ ^) ^" 



WJ = 1 



/ 



w ! 



■ • (6) 



» « • 



(U) 



, mx\-'Y*^ , {Bice I -'}»+* , ' 
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BO that 



I X jji'XJ ox p { (Xq ) 



•C-i. 



OO 



ty 



{(A)Li + By-')"-(A/a)'"}' 



m ~ 1 



ni ! 









n+l 



(^+1)! 



T{ln+l)a'' 



B B^ 

I ^ — _l- — . -f- , , , 



1! 



7 



2!/ 



B"* /B' 

< 7 [exp ( A/x + By ^)— exp(A/x)]r(^n+l) 0"'*+ 7 --Y~exp{ — 

(^+1)1 \y, 

Now, by the asymptotic expansion of the gamma function, it follows that 

(^+1)! ^ ^ 

for all integer values of n, where K is finite and independent of n, so thai; 
x'''^^% I < [7 {exp(Ajtx + By~^)~exp (A/x)} + K exp (By~^)] x | exp ao | . T {ln+ 1) (t\ (7b) 

Combining the equations (7a) and (7b), we see from (7) that exp f{x) possesses an 
asymptotic expansion of which k, I, p, cr are characteristics. 

4, We shall conclude this part of the paper by proving three general theorems. 

Theorem II,— Let f{x) possess an asymptotic exp>ansion ivith characteristics 
h, I, p, 0-, and constants A, B. Then, if $ (|) he a function of i ivhich is regular^ 
inside a circle of radius greater than A/x+By""\ the centre of the circle being at 
f = ao (ju, and y having their usual significations), then # {f{x)} 2^^^^^^^^^ ^^ 
asymptotic expansion with characteristics h, I, p, a; ivhich is valid for the same range 
of values of X as the expansion of f{x). 

Let $ (ao + ^) be expansible in the series 



# (%+ f) = 5^o+,gi£+f2r+ ... 



Then 



00 



t |^™|(A/x+B7-7" = a 



7n — 



and hence 



5r,^|<G(A/x + By ^) 



•m 



[These statements are true if the less 



where G is finite and independent of m, 
stringent condition be satisfied.] 
Now, f{x) = ao+Roj so that 

this series being convergent since | Ro ! < By"™\ 

* This condition may be replaced by the slightly less stringent condition that the series for # (% + 1) 



should be absolutely convergent when 



A/x + By \ 



MR. G, N. WATSON: A THEORY OF ASYMPTOTIC SERIES. 



/j t) L 



Using the expansion (6) and keeping the notation of that equation, we find that 



^1 , ^2 






${/(x)} = co+j + ^,+...+-;^+T„, 

where Co, Ci, ..., T^ are now defined by the equations 



(8) 



OS 



Cq — gQ^ 



±0 — Z, ffm^ 
m ~ I 



m 
J 



and, when 92 > 0, 



n 



n 



00 



Cfi — • Zi (Jfyyi . ftiOfi y X ^ — 2y Cjf^i . niKJn ~T 2^ l/^j^XVq , 



m = 1 



m = 1 



7)1 = 7l+i 



Consequently, if n > 0, 



71 



'n 



t \gn\AJ"X'"~^T{kn+l)p" 



m ~ 1 



00 



AX 



< S X ^G , . 

w = 1 L A/x + ±5y 



7)1 

T{kn+l)p'', 



v* C , 



c 



n 



< 



AG 



Also 

n 



A (/Lt — X) + By 



-J'{kn+l)p'\ ........ (8a) 



CO 



m = 1 

71 



m 



^71 i" ^ 

7Jl — 71 + h 



5'»3o"' 



2 I p'™ I y {(A/x + B7-^)™-(A/a)™} r (Zre+ 1) o-" 



?» = 1 
n 



X 



CO 

7n — 71+1 

00 



<7 I /"RKrl "^ V'* 



< 2 |^„,|y(A/A + By-i)™r(Zw+l)a-" 



m =: 1 



X 



~n~l 



+ {b\x\ I" S p^,,j+„+i I {J3|ir }*^, 



»i = 



<yGT{ln+l)a'' 



X 



—n—l 



+ B''+Ma; 



00 



■n-1 y p (- By y^ 



VtC't 



TnX'''''\<yGT{ln+l)(r''+ 



B 



G 
±5 



A/x [A/x + By ^ 



w 



But, from the asymptotic expansion of the gamma function, 



::rX <K'T{ln+l)(r\ 



. A/x + By 



where K^ is finite and independent of m 

Hence 

< {yG+GK'BA-V~^} r {In-]- 1) o-^ (8b) 



'T ^w + 1 

_L 71*^ 



Comparing (8a) and (8b) with (8), we see that ^{/{x)} possesses an asymptotic 
expansion with characteristics, h, I, p^ cr, valid for the range of values of x stated in 
the enunciation. 

2 p 2 
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In particular, we notice that this theorem is true if * be an integral function. 
The result of the last section concerning exp {f{x)) is, of course, a particular case of 
the theorem. 

5. Theorem III.— Let f{x) possess an asymptotic expansion with constants and 
characteristics A, B, h, I, p^ o", valid ivhen \x\^y and for a certain range of values 
of arg z, Then^ if ^i (ao+ f ) he a function of ^ which is regular when \^\'^c, where 
c<A/x + By~^ (/x having its usual signification), then, when \x\ is greater than 
the two quantities y and B/c, ^ {f{^)} possesses an asymptotic expansion, valid 
for the same range of values of arg x as the expansion for f{x), with characteristics 
h, I, pq, o-q, ivhere po is the greater of the quantities'^ p and p . (A\/c), while 

o-Q = (A/x + Byr^)cr/c, 



where yi is the larger of the quantities y and Ji/c, 
Let the expansion of ^i (0^0 + 0? when | f | :< c be 

^iK + ='ho + h^+h2^'+...; 



since this series is absolutely convergent when ^ = c, we have 



00 



t I h^ c'" < H, 

m = 



w '*^^ jLlC' , 



where H is finite and independent of m. 

Since f{x) = ao + Ro? we may expand ^i {f{x)} into the series 



*l{/(^)} = Ao + AiRo + /^2Ro'+*-+>^nRo" + /^n+A''"''+-.M 



provided |Ro 
Since IEq 



c. 



3\x\ \ the expansion will be valid when 



X 



^ y and B 



X 



c. 



Substituting for Ro? Ro^ -•? Ro"" ^s in Theorem II., we get 



where 



and when 71 > 






00 

m = 1 



d = 



n 



n 



CK) 



w = 1 m~\ m ~ ?i+l 



The quantities Jb^, m^n ^re the same as those which occur in equation (6). 



(9) 



"^ If AX == c, Po == P + ^> where S is an arbitrary positive quantity as small as we please. 
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Consequently, if n > 0, 



n 



c?„|< S \h^,\A"'k'"-'T{kn+l)p" 



m = 1 



n 



< t X-m{AX/cY'r{hi + l)p" (9a) 



m = 1 



If AX y^ c, we have 



» 



( AX/c)" - 1 



AX 



t (AX/c)- = ^7^/;; / . AX/c < {(AX/o)'' + 1 } -^ 

From this result, combined with {9a), we see that, if AX 7^ c, we take po, the imier 

radius of $1 {/(^)}? to be the smaller of the quantities p, pA\/c. 

If AX = c, we have 

c4 \<n, X"^Hr (^fi+ 1) p% 

and if S > 0, we have np^ < Ki (p + S)'', where Kj is a finite quantity depending on p 
and 85 but not on n. That is to say, if AX = c, p-\-8 is a possible radius of ^I>i {/(i^)} 
and ^ is a possible grade. 
Further, 



U„!:< S 7|«|~"~'[(A/i. + By-y-(A/i,)'"]|A»|r(Zn+l)cr"+ 2 |/t„,| |Ro 



?H = 1 



m = »+l 



m 



f'«C'» , 



n 00 

UX'''|< S 7H:{(A/x + By-i)/c}'"T(Zw+l)o-"+ S H 



B/c 



»i 



TO = 1 



m = n+1 



JU 



X 



»+l 



< yR [{(A/x, + B7-^) c-'}"-l] r (Zn + 1) o-" [(A/A + By~^) c-^-l]"^ 

"OX »+l 



-f" { — ] JnL 



B 



c kr 



Using the inequalities B < c | ir | , (A/i + By ^) c "^ > Ij and (Be ^)'*'^^ < Kgr {^7i+ 1) cr% 
(where K^ is independent of n), we get a formula of the form 

I U^x^+^ I < Ka {(Ajit+By-^) o-c^i}'* r {ln-\- 1), 

where K3 is independent of n. That is to say, / and 0*0, defined as above, are a 
possible outer grade and a possible outer radius of <l>i {f{^)}* 

6. Theorem IV. — Suppose that for a certain range of values of a^vg (x+a), f{x+a) 
possesses an asymptotic expansion in negative powers of x-\-a valid when |a:J+a|^y 
tvith constants and characteristics A, B, ^, Z, p, or. Then for the same range of values 
of arg {x-\- a), f (x-]- a) possesses an asymptotic expansion in negative powers of x valid 
when 1021^7+ \a\ with chai^acteristics k, l^ pi, o-j, where 



pi = /> + 



a 
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and cTi is the greater of the quantities crfi and \a\ +p+p\a\iM^ where /x, fi^ are the 
greatest possible values of \ x (x-^a)"^ \ , | (a^ + a)"^ | respectively for the values of x under 
consideration. 

It is easily shown that 



1 __ 1 _^ , ^ 

^ "1" q 

tA/ T^ iAy tAJ tAJ vO 



a 



n~l 



-H-y-'^H-Y 



a 



n 



Jb 



x'' (x + a) ' 



Differentiating r times with respect to a, we get 



(-)V! 
(x + ay-'^ 

where 



(-y.r!^ (-r;a(.H-l)! ^_^^ ,, (-rV— (^-l) 1 ^(_)n,, Y.,, (10) 



.'^tJ 



r+1 



x'-^' . 1 ! 



a?", (n—r—l) ! 



I i^ , 7^ i Jl J.4-I 



d' 



a 



n 



dal" \x + a J 



But, by Leibniz' theorem. 



d' I a^ \ 



n \ a 



n—r 



da'^Xx + aJ (x + a), (n—r)\ _ 



l—^Ci 



a . 1 



+ ^^2: 



a , X. , Zi , 



(n—r+l) (x-\-a) {n—r-\-l){n—r-\-2){x-{-ay 



+ ( — j^rCr 



\JLi • X • Aj « * * • / 



(n— r+l) (n— 7^ + 2) ... (^) (ir + a)*'„ 



the quantities ,.Ci, ^Cs, . . . being the binomial coefficients. 
Consequently 



d' 



a 



n 



da'' \x-\-a^ 



< 



n\\a. 



n—r 



< 



x-\-a\. (n—o") ! 
n\ \a\ ""*' 



i+,A 



a 



x-\-a 



+ r^ 



r^2 



a 



x + a 



+ ... 



x+a\, (n—r) ! 



1 + 



a 



x-\-a 



so that 



X , / i X jt+i "^s, 



n !la 



w~r 



|x+aj. (n—r) ! L |cc + aj^ 



1 + 



a 



Now /(^ + <^) possesses an expansion of the form 



f(x+a) = ao+-^+ ... +7™^^+B 
'^ ^ ^ x-i-a (x + a) 



iU 



ny 



where 



a 



n 



A/r {kn+ 1), I E„ {x+aY^^ | s Bo-T {k+ 1). 



Substituting for the negative powers oix + a from (10), we get 



/(^+a) = 6o+^+...+^„+S 



where 



^n — ^n w-1^^1 • ^ • ^n-l'^ n~X^2 * ^' • ^ 



n-2' 
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cillLl 



SO that 



byj — J:\^,i+^ — j <XiIi + ( — j Cl2±2'^' ••• — ^'wJ-KJ 



n 



II /^ f I I /^ III I 



Now 
where 

Consequently 



Vi 



r{^ (n~r)+ 1 } :< 7?ir (/m4- 1), 
•8856 ... if ^ < 1, Tj^ = 1 it k^l. 



t.e,j 



Also 



|6^|<A'7l^(^;^+l){p+ |a|}^ ....... (10a) 



S„|< B^(??^+l)c^'*|.'r+a| "* ^+ |(XiYi| + lagYgl -f ... + |tY^Y„ 



Br(?n+i)o-^ ^^^^ 



^^ ! i a h *' 



a:+a 



?i+i 



r = 



ar+a)(n— r) ! 



1 + 



a 



x-^a 



^r+ 



],T{kr+}€-{-l) 



r\\x 



n 



And for the values of r under consideration (since k:sl), 

T{kr+k-^l)<r]iT{ln-\'l). 



Therefore 



8,^x''-''\:ST{ln+l) 



X 



x+a 



X 



x+a 



+ 



Ap 



x+a 



a 



+ /0 + 



p\a 



\x-\-a\ , 



n 



V (In-i-l) [B/x . {(riiY^A.pix!{ | a j -{p-k-pp! \a\Y'\ 



V % O'. * 



hDn*Jl^ 



B + 1 



V{ln^l) . (Bp.'^'Kpp^) (Ti . . . . . . . (10b) 



From (10a) and (10b) we see that k, Z, pi, cri are characteristics of the expansion of 
/ (jr 4- a) in descending powers of 0^. 

We have now proved all the theorems which seem to be of importance concerning 
asymptotic series in general. We proceed to discuss properties of analytic functions 
of which asymptotic expansions are given. 

Part II. — Analytic Functions Defined by Asymptotic Series. 

7. We first propose to consider the question of the uniqueness of an analytic 
function which is defined by means of an asymptotic expansion possessing given 
characteristics. 

The discussion will be based on the result of the following important lemma, of 
which we shall give a proof before proceeding further : — 

Lemma. — Letf{x) he a function of x ivhich is analytic^ in the sector defined by 



* See (iii.) on p. 280. 
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the inequality |arg^[ ^ ^-tt + X ivhere X> 0; and let the region in ivhich f{x) is 
analytic he extended to all points (outside the sector) whose distance from the 
boundary of the sector does not exceed 2A, tvhere A > 0. 

Let f{x) be such that, throughout the sector and this extended region adj accent to 
the sector, there exists an inequality of the form 

I f{;x) I < A exp { — I '^ I }, 



■1$ 



ivhere A is a constant independent of x. 
Then the function f {x) is identically zero. 
Let Xq be any point within or on the boundary of the region 
Then 



argo; 



-^ i-TT + X. 



2 



d\f{x,) __n\ { fit) 



71+1 5 



dx^"" 27ri 'i [t — Xq) 

round an appropriate contour. 

Since any singularity of /(^) is, at a distance, greater than or equal to 2A from x, 
we may take the contour to be a circle of radius A with Xq as centre. 

We then get, without difficulty, 

I f''^ (x,) I :^ n ! A"'^ . M 



where M is the greatest value of \f{t) 
differential coefficient of f 
But on the contour 



on the contour, and f^''^ denotes the n^^ 



|/(0|<Aexp{-|^ 
< A exp {A— 

That is to say, if | arg Xq | ^ |-7r + X, 



} 



Juf 



} 



since j t 



Juc 



A. 



\f''\x^)\<n\e^,^~''\kQx^{-\x^\} fll) 

Let us denote the integral of a function taken along a line from the origin to 
infinity, inclined at an angle 9 to the real axis, by the symbol 
Consider the function F defined by the equation 



F(y)= f{ty)e~Vdt. . 



(0) 



(12) 



The function F (y) is analyticf in the interior of the region given by | arg y\ < |-7r + X 
(but possibly it is not analytic on the boundary of the region). 

* The proof of the lemma is suggested by a paper by Phragmen, ' Acta Mathematica,' vol. 28, 
pp. 351-368. His paper, however, deals with integral functions, whereas we know nothing at all about 
the behaviour oif(x) outside a certain sector of the plane. 

t The condition given by Bromwich, ^ Theory of Infinite Series,' p. 438, is satisfied by defining his 
function M (t) by the equation M (t) = A^^ A"^ . te~^K 
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We shall show that F {y) is a constant, independent of y. 
If |-7r + X ^ arg y ^ —fX, we have 

f{ty)e-Vdt= f ■ f{ty)e-^'dt; 

(0) •'(-iTr + fX) 

for, by Catjchy's theorem, the difference between these two integrals is f {ty) e"^^ dt 

taken along the arc of an indefinitely great circle terminated by the lines arg ^ = 0, 
arg t — — |-^ + |-X : on this arc we have | arg (^ty) \ < |-7r+X, | arg ^ | < |-7r ; it follows, 
without difficulty, that the integral along the arc is zero. 

But f{ty)e~^^dt is uniformly convergent over the interior of the region 

7r + |^X>:arg2/^ -fX. 

Consequently the analytic continuation of F [y) over' the interior of the region 
7r + |-X ^ arg y ^ —fX is given by the equation 

F(^)=[ f {ty) e-^'^' dt. ....... (I2a) 

In like manner, the analytic continuation of F [y) over the interior of the region 
— 7r~^X :^ arg y :< |X is given by the equation 

F(^)=[ fity)e'~^'dt (12b) 



/»QD 



Also F(0) — f{^)^ ^ d^ ™ 2/(^) ? ^^^^ ^^'^ ^^y ^'^how, by using equations (12a) 

Jo 

and (12b), that ht^ [y) = 2/(0) when y approaches the origin by any path which 

does not go outside the sector tt + I-X ^ arg y ^ — f X, or which does not go outside the 
sector — 77— |-X :< arg y -^ f X."^ 

Now, if 'we can shoiv that F [y) is a uniform function of y, the only possible 
singularities of F [y) will be at the points y = and y = co ; and the only possible 
branch point of F (y) in the finite part of the plane is at 3/ = ; accordingly, to prove 
the uniformity of F (y), it is sufficient to prove that, when y starts from any point in 
an assigned region of non-zero area (not including the origin) and describes a closed 
circuit round the origin, the initial and final values of F (y) are the same, f 

Let ^0 be any quantity such that 

\yo\^ 1, -7r-|X < arg 2/0 < -tt + ^X; 

we proceed to prove that F (^o^^^'O = F (^o)- 

■^ The integrals (12a) and (12b) are uniformly convergent when y lies within or on the boundary of the 
respective sectors, by Weierstrass' test for the uniform convergence of infinite integrals [Bromwich, 
' Theory of Infinite Series,' p. 434 ; we replace Bromwich's function M (x) by Ae~^^]. 

t If two analytic functions are equal at all points of a region of non-zero area they are the same branch 
of the same function ; in the case under consideration the functions are F (yo), F {y^e^""'). 
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Suppose that y starts from y^ and . describes a circle of radius 
the origin, ending at tlie point yif^'^\ 

We have -M^ / \ f r/. \ •■t i. 



'if()\ and centre at 



J Qn--hX) 



Making tiie point y move from ^o to yQe/' round the circlCj we get 



F (t/oe^O 



Now, when 



. err-iA) 



f{tyoe'^') e' ^^ dt, 



arg 1 1 < ^TT, I arg (%oC) I < 2'^ + ^^ 

Consequently lf{tyo)e'^'^dt taken round an arc of a circle of radius N terminated 
by the points N exp {± (^tt— |-X)^} tends to zero as N^cx); and therefore, by 
Cauchy's theorem, we may deform the path of integration and get 



F (^o^-^O 



(~47r+^A) 



fityoe""') (T^^ dt. 



Now make y move from yQe""' to y^e^^^'j and we get 

F (i/oe'"^) = f f{t'yo<^"") er^' dt. 

Writing te"^""' for t^ we get 



Consequently 



F iy^-) 



F(yoe^«)-F(^„) 



"^ O+^A) 



/(^X/o) <^"^ <^l'- 



(|,r + iA) .'(Jir-J\). 



f{ty^)e ^dt. 



9 » 



(13) 



Now consider lf{tyo) e ^^ dt taken round an arc of a circle of radius N terminated 

by the points 

N exp {(|ir+|X) i}, N exp {(-|7r~-|X) i). 



On this arc, which we call F. 



Consequently on V, 

Therefore 

f{tyo) er^^ dt 



arg {%o)| < 1"?^+"^' 



f{tyo) I < A exp {-"1^1 1/0}. 



Jr 



< 






r 



exp I 



i? 



2/t 



1 I ™. If 



d t 



< A exp {— { |;y, 







1)1^1 }c?|« 



< A exp { — |-N } d\t\, 

Jr 

< AN (ir+X) „ exp {— |-N} 



since 



2/0 



JL 9 



and this expression tends to zero as N-*- go 
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Consequently, by Cauchy's theorem, the right-hand side of equation (13) va^iishes ; 
for the integrand has no singularities between V and the rays arg t = ^n—^ 



2^' 



In other words, F {y^e^'''') = F (^o) ; that is to say, F(y) is a uniform function ofy. 

Furthermore, | F (y) \ never exceeds a finite quantity independent of y. 

For^ 



F(2/)h 



J ± (-i7r + JA) 



f{ty) e""^^ dt 



<A 



-±("-iTr + |A) 



e 



dt 



2A cosec ^X. 



We have thus proved that F (y) is a uniform function ot y whose modulus never 
exceeds a finite quantity independent of y, no matter how large or how small \y 
may be. 

Therefore hy Liouvjlle's theoi^em F [y) is a pure constant. 
The proof that f{;y) is zero is now immediate. 
For the equation 










<j^ {t, y) dt 



dy 



dt 



is true provided the integral on the right converges uniformly and the integral on the 
left is convergentf. 

Now 



ay 



{f{ty)e-V) 



< Ae'' A-He~''* by (11) when i 2: 0, y ^ 0. 



Since 



CO 



f" a 



te ''^ dt is convergent, we know that J ~^f{ty) • ^ ^^ dt converges uniformly 



when y ^ 0. 
Therefore 



dy 



7 c ^ 

§~^ {y) = \ tf {ty) er^' dt when « 2: 0. 

ety J 



Put 2/ = 0, and we get, since F {y) is a constant. 



/. CO 







tf'{Q) g-^* dt. 

Jo 



■K- 



If the imaginary part of y is positive or zero, we may take :^: arg ^ ::< tt, and the upper sign is to be 
taken in the ambiguity ; if the imaginary part of y is negative or zero, we may take ^ arg y^-ir, and 
we take the lower sign ; we have already discussed what happens when ^ = 0. 

t Bromwich, 'Theory of Infinite Series/ p. 437. 

X Ibid., p. 434. 

Zj K^ Zj 
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In like manner, since f-e"^^ dt is convergent, we may show that, when n is any 
finite integer, 



dy 



/.ao 

- F [y) = t''f^'') {ty) eT^ dt when y^O, 

Jo 



and f^''^ denotes the n*^ differential coefficient of / 
Putting ^ = 0, we get 

ft 00 

0=/('"(0) ee~^dt, i.e., f'^0) 

Jo 



0, 



Therefore f{y) is analytic "when j^y [ < 2 A and all the differential coefficients of f{y) 
vanish when ?/ = ; that is to say, f{y) is a pure constant, which we will call L. 
Furthermore, by the definition of f{y) 



L < A exp {—\y\) 



when 



argt/ 



as 



y 



< fTT+X, for all values of | y | , no matter how large ; since exp ( 
00, we infer that L = 0. 
We have thus proved the lemma, that 



y )-> 



= 0. 

8. We are now in a position to discuss the uniqueness of an analytic function 
possessing an asymptotic expansion with given characteristics for a certain range of 
values of the aro-ument of the variable. 

CD 

The theorem, stated precisely, is as follows : 

Theorem V. — Let there he two funotioiis /I (^^), f2{^)^ ivhich are analytic in the 
region defined by the inequalities 

X I >: y, a < arg x -^ ^; 

and, let them he such that in this region they possess the asymptotic expa^isions 

f (x) =: ao+ -^ + . . . + ~~ +R«, 



^ \ / fy, /■yt''' 



»? 



tvhere, for all values of n, 



a. 



n 



< Ar (/m + 1 ) p^ I R,. I < Br {In + 1 ) a'' 



X 



■n — l 



S^|<Br(k+l)a" 



X 



n—l 



Then^ if ^—a^ rrl, 



f{x)^f(x). 



Let the region in which x is permitted to lie be called the region C. 

Since 

\f{x)~-f{a:)\<\'R, 
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we have 



/i (^)-/2 C^) I < 2Br (In+l) a-^ I X 



-n-l 



for all values of n, provided x lie in the region C. 
Now choose n to depend on x in such a way that 

n:Sl'~^{\x(T'~^\y^^ <in-{'l, 
so that we may put 

n^l-'{\x(T'~'\y'"-0, 
where :s6 <1. 

Now let y be the greater of the two quantities (1 + /)^ a and y ; and let the region 

in which | ^ | > y^ ol :< arg ir :^ /3 be called the region C^ 

When x lies in the region C\ we have 

But when ^n > 1, by the asymptotic expansion of the gamma function, 

logr(^r?.+ l) = (In-i-^) log {ln + W)-ln'-W-{-^log27r-}- J, 

where J does not exceed a finite quantity independent of n. Consequently, when x 
lies in the region C^ 

|/i(;r)-~y2(^)| < Bi exp [{ln + ^)log{ln + W)-ln-l6-(n+l)log |^(r~^|], 

where Bj is a finite quantity independent of n and x. 
Substituting for In + W in terms of x^ we get 



/i {^) -A (x) I < B, 



Xcr 



■1 + 1/(21) 



exp [ 



xa 



-1 1 i/z 



]• 



Putting f\{oo)—f2{x) =f^(x), we want to show that if /six) is analytic in the 
region C^ and subject to the inequality 



\f3{x)\<Bi\x(r ^1 ^-^^^'^^^^ exp [— I xa 
thenj^3 (x) — 0. 

Let us put^' X = cry^ and fs (x) = Jl {ij). 

Then f^^ {y) is analytic in the region, G^\ in which 

\y\> <x~^'^ {Vf'\ ^ ~ ^ ai*g y ^ fi 

andy4 (i/) is subject to the inequality (when y lies in (T) 

l/4C?/)l< Bili^l^'-'-^expf-l^l}, 
If ^ ^ 2"? "^e ^e® ^^t once that in C^^ 

i/4 (?/)!< B,exp {-\y\} . 
where B2 is a finite constant depending on Bi and y\ 



■1 1 i/i 



] 



3 



> a 



• • (14) 



■M- 



'?/ -= GO is ci singularity of this transformation ; but see (iii.) on p. 280. 
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Also 



y 



~i~+ 



^ Gxp { 



1 

2 



y\ } decreases when j?/| > 1 — 2Z if Z < |-, 
Let yg be the greater of the quantities (cr'^^yy'\ 1 — 2L 

CalKng the region in which \y\ > y2, ot '^l arg y -^ ^, the region Cg, we see from 
(14) and this result that in the region Cg, whether I be greater than or less than ^, we 
have an inequality of the form \j\ {y)\ < B3 exp {—^\y\ }, and y is analytic in the 
region Cg. 

ow, define a quantity "^^ X such that Jtt > X > 0, (^— a)// "^ tt-{-2\, and put 



z^^y exp 



|(^ + ^)^}-(|■y,+ 2A)secX, 



arg z\ ^ I^TT f X, and at all points at a 



where A > ; and let f^ (y) ^f{z). 

Then f{z) is certainly analytic in the sector 
distance not greater than 2A from the boundary of the sector ; for when z lies in the 
region just specified, y certainly lies in the region Cg. 

Also, in the region specified for z^ 



f{z) I < B3 exp { — \z-'\- (lya-f" 2 A) sec X | } 
B3 exp {(-|-y2-4-2A) sec X} exp { — 



z 



i • 



Therefore, by the lemma, f{z) ■==■ 0. 

But f{z) '^ fi{x) — f^ix) \ and therefore we have proved that /I (a:) ~ f^{x)^ when 
f^ {x) and f2 {x) are subject to the conditions stated at the beginning of the section. 

The reader might be inclined to think, at first sight, that if f3-a>27r^ we could infer that fsi^^ is 
identically zero on account of the theorem that '' a non-convergent series cannot represent asymptotically 
the same one-valued analytic function for all arguments of a;."t 

This theorem is not applicable, because /i (x), /2 (a;) may not be analytic inside the circle \x\ =^ y ; a 
multiform function may have an asymptotic expansion valid for a range of values of arg x greater than 27r, 

Thus, the generalised hypergeometric function formula J 



«"r (a) r (1 - /)) iFi {oc;p;x) +T{a+1-- p) T (p - 1) a;"+^-^^ iFi {cc~- p+l ;2 ■- p ; x) 

1\ 



== r (a) r (a + 1 "- p) 2F0 ( a ; a 4" 1 — f) ; 



is valid when | arg x \ < |7r. 



dj I 



9. We can now show that if an analytic function, f{x), possesses an asymptotic 

expansion for large values of \x\ with a grade and an outer grade equal to unity, the 

range of values of arg x over which the expansion is valid being greater than tt, the 

function f{x) is absolutely summahle by the method of Borel for a range of values 

of arg X just less than the range over which the expansion is valid,§ provided that 

Bohel's integral be taken along an appropriate path from to 00, not necessarily the 

real axis. 

* The definition is possible since [.^ - a>'TrL 

t Bromwich, ' Theory of Infinite Series,' p. 335. 

I See BxiRNES, ' Cambridge Philosophical Transactions,' vol. 20, p. 260, 

§ The range of validity being taken less than 27r, 
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Let us suppose that the expansion is vahcl when | x | ^ y and a < arg ;r :^ ^, where 
/3-"a = 7r+2X and < X < ^tt. 

Putting z = .X exp { — |-(a + /3)i} and /(i^) = F (2;), we see that F(^) possesses an 
asymptotic expansion of the form'^ 



a. 






wh 



ere 



when I arg 2; | :^ |-7r + X and 
We notice that 



a,, ^ A . 


n\ 


p' 


1 




R« 


•< 


md 


z ^ 


y- 




















H„ 


"< 


Jw 


X 



B . n! (T** 



z 



~-n~l 



n 



where J^ = B . n! a'^y~^. 

Let the region in which the asymptotic expansion of F {z) is vaHd be called the 
region D. 

Let L be a contour formed by the following lines : — 



(i) The portion of the ray arg 2;= —^177 + ^) for which 
arbitrary quantity, as small as we please, such that < ^ < X. 



z 



y I ^ 1 , 6 being an 



z 



(ii) The major arc of the circle 

yl-^lexp{±(|7^+6>)^}. 

(iii) The portion of the ray arg z ^ ^it-\-6 for which \z\'^y 

Let us consider the function <^(^) defined by the equation 



= y I ^ I terminated by the points 



1 



2m 



F (z/t) . z~^e' dz = (f){t), 



where | arg f. | ^ X— ^. 

We observe that when z is at any point on the contour L, z/t lies within or on the 
boundary of the region D. 

Now let us define functions xfji, i/zs, ..., t/z.^, ..., by the system of equations 



00 



V 



U TV/. 



Go 



V 



iffn (U) 



a 



n 



n ! u 



dii =^ \//,,+i (t;) . 



(15) 



The path of integration is supposed to be taken along the ray from v to infinity 
which, when produced backwards, passes through the point u ~ ; we deduce by 
continued integration that the asymptotic expansion of t//„ (v) is 



^n ('?0 



a^ 1 ! a 



n + l 



n 



where 



! V {n 4- 1 ) ! v'^ 



T • • » "1 



m! a„+ 



m 






m ! P 



n+m 



[n + m) ! v"^' {n -f m) ! v"^ 



n + m I 



J,,+n»N B . (n + m)! <t"+>"\ 



provided that v lies within the region D or on its boundary. 



^ n 



This function F will not be confused with the P of Section 7. 
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A,lso, we notice that, by Cauchy's theorem. 



__ ^-n i^z ^^ _ ^Yie residue of z"^ h^ at the origin = — • 



By making use of the equations (15) in conjunction with this last result we get in 
succession on integrating by parts : 



2tti » 



L 



F (z/t) . z"h' dz 



i^z 



27Tt J L 



UqZ ^e 



27rt 



d 
dz 



i//i (z/t) le'^cfo, 



«o - ;r-- [<^" ' ^h (^/0]l + 



27ri 



2lT'l 



14 



i^i i^/i) . e^ dz, 



2Tr% J-L 



a 



'/0 



2Tn 



Cia + 



/ d 

a^^ ^t xh2 (z/t) [ ef dL 

Li z dz ^ ' ' ^ 



t 



^' -' [^3 i^/t) * e% + ^ I ijj^ (z/t) . e/ dz, 



1 ! 27ri 



2iri 



J JL 



1 ! 2t[''1 



9 ^ t 



a 



C(/\t' (^2^ 



3 






« §- S S « ft 



j» j.n f 







+ ^ + l^ + ..^ + !f!^ + ^ ^^^,{zjt).e^dz, .... (16) 
1! 2! n\ 27n h. 



each of the terms in square braci^ets vanishing at both ends of the contour 

ft 

We shall now estimate the value of t|f„+i {zjt) e" dz for any value ofn. 
At all points on L we have 



Jl 



^n{^lt)\< 






n 



n ! zjt n ! zjt 



V, 0« 



^n i^/t) 1 <ApY"' + Bay-'. 



For brevity we put 



Apy ^ + B0-"y 



?it„ ,—2 



ti. 



n' 



On the arc of the circle we have 



and 



exp z I ^ exp I yt I 
dz = yt I e*"i clew. 



where m varies from — iir— ^ to i^fr+d. 



2 
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Consequently, for the integral round the arc, 



J 



xpn+i i^/t) e" dz <(7r + 2^) u^^i \ yt \ exp | yt 



On the ray arg 2; = |-7r 4- ^^ we put 

z ^\yt\, r exp (|-7r+ ^) i, 

where r varies from 1 to 00 ; so that for the integral along this ray, 



^n+l{^/^) • ^""^^ 



Ku^+i cosec exp { — 1 7^ | sin 0}; 



and we get the same inequality for the integral along the other ray of L. 
Combining our results we get 



27ri 



< 



xpn+i (z/t) e* dz 



27T 



(7r + 2^)y l^jexpjy^l +2 cosec ^ exp{— |y?^|sin^} 



X 



(16a). 



• 9 



Remembering that p :< or, we see from this formula that, if [ i^ | < cr \ then 



uniformly as n-^ co. 

That is to say, when | arg t 



-—-. xjj^+i{z/t)e'dz 
Ziri Jl 



^ 



X— ^ and I i( I < cr \ we may expand the integral 



in the form 



^ I ^ (^« ■ 



z ^e'' dz 



1 



277* 



L 112! nl 



where fl^-^ as n -^ 00 . 

In other words, when [ arg t\:^\ — and | ^ | < a-'~\ the integral 



^ f F (z/t) . z-'e' dz 
2Tn Jl 



represents Borel-s associated function defined by the series 



2 



converging when | ^ | < /o ^ ; 
\t\<p~\ 
Now the integral 



I /.\ , a\t . a^t 

so that Borel's associated function is analytic when 



2Tri . : 



F {zjt) . z-'-e' dz 
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converges when | arg t\:S X— ^ ; and by putting z = tUy we find that the integral is an 
analytic function'^ of t in the region |arg ^| < X— .^, ^ 

That is to say, Boeel's associated function (j) (t) is analytic in the region \t\<i p~~^, 
and also in the region |arg ^| < X— ^. 

d'^cjyjt) 
df" 



We shall require an upper limit for 



when I arg t\ < X—^. 



To obtain this upper limit we consider the integral 



1 

2Tri 



e^ z"" \-r^lz 



t 



z r 



t % 



a. 



t 



n—l 



«'"l^n-l 



- \ dz. 



We may show that it can be expanded in the form. 



a^ + 



a 



n + l 



1! 



t -\- 



a 



n + 2 J.2 



2! 



6 + » , 



when \t\ <C a \ by replacing F (z/t) in the work imm.ediately preceding by 



M 



^;{F(f)-ao-«.^ 






Therefore, by the theory of analytic continuation, we have 





1 

27ri . 




for all values of t 


in the 


Now 








_=_. ^^ — Q^^ 



\t z z""-^} dr 



in the interior of the region [arg t\ < X— ^, 



t 



z 



so that 



a.n-~ 



i 



n— 1 



^-^ ^ji-l 



< B . (n—l) ! (T 



n— 1 



z 



^*"*%,^ iJLJL, I tM.^ \Jf 



t 

z 



(n > 0) 
(n = 0), 



r 1 \ ^ 



(Xq a\ 



t 



/J 



tn— 1 



^a. 



»~1 „n~\ 



< B.(n--l)! o-""' 

< A + Bcry"^^ 



(n > 0) 

(n = 0). 



Making the substitutions made in obtaining (16a), we find that 



dt" 


< K . (n-l) ! o-"^' r' exp yt 


<t>{t) 


< K' r^ exp yt 



t^ > 



n = . 



. . (17) 



where K, K^ are finite quantities independent of t and n. 



^ This follows, without difficulty, from an obvious modifieation of the theorem stated by Bromwich, 
^ Theory of Infinite Series,' p. 438. 
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We use the formulae (17) when | i^j is greater than, say, |-o- \ 



When \t 






since the series for ^ {t) converges when \t\<i p~^ (and p ^ cr), 
we have \j>{f)\<. K^^ where K^^ is finite and independent of t. 

Also when | ^ | :^ (1-+ 1) cr"^ we have \^{t)\ < K^^^ where K^^^ is finite and. independent 
of t. 



Accordingly, when [^|<|Gr \ we use the formula 



#<^ jt) 



27Ti J (?3^ 



dt. 



the contour of integration being a circle of radius f 0-'""^ 



Hence we get, when 1 1 



1^-1 



^lor 



d^ (t) 



dt 



n 



< K'" (fo-)" . n ! 



Oombiniag these results with (17), we see that for all values of t such that either 



arg t < \—9 or t i^^cr ^ we have 




(jy (t) < Ki exp yt , 


d"4> (t) 

dt" 



< Kado-)'' . n ! exp (jyi^l) . . (17a) 



where Ki, Kgj are finite and independent of t. 

Consequently, if y^ > y, and n is any assigned integer, 



Lt 



ex^{-y^\t\) 



d'^cf) (t) 



dt"" 



0, 



if Ti > 7 ; and the function ^ (t) is analytic in the region in which either of the 
inequalities 

(L)|^|<p"\ (ii.) |arg^] <X~-^, 
is satisfied. 

Now let us study the function 



.00 



z^{t)e-'''dt = Fi(4 

The function Fi {z) is an analytic function of % when R {%) > y^ where yi > y. 
If also R {z exp {—iii)} > yi, we can see that 



J 



(-»») 



z^ (i) e-^* (i^ = Fi (z) 



« « 



• s s 



, . (18) 



where /x is any quantity such that < /x < X—^, /x < I^tt. 

Equation (18) gives the analytic continuation of Fi (^) over the whole of the area 
for which R {z exp (—^/x)} > yj. 

Let 6^ be a small quantity such that < ^^ < ^. 

2 R 2 
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Then Fi (z) is certainly analytic in the region (see figure) in which both the 

inequalities 



B(x)-^y, 




E {xexp.i-l/iyl^y^ 



> ji cosec (/x— 19^), 

are satisfied. 

In like manner, when 



^7r—6^ + 2fji < arg z < |-7r-f ^^ 



we have 



R (^) > yi, R U ^^P M} > yu 



(/x) 



Z(f) (t) er'' dt = Fi {z), 



and we can deduce that Fi {z) is analytic in the region in 
which both the inequalities 



z 



> Yi cosec (jji—O^), 



^TT-9^ < arg;^ < ^7T + 6^-2fx 



are satisfied. 

That is to say, Fj (z) is analytic in the region in which 
the inequalities 

1^1 > Yi cosec {jjL — O'), 
are satisfied. 

Now consider the function Fi {z) in the region in which 



arg;^| < ^7T + 6\ 



z 



> (yi 4- 1 ) cosec {fi — &), \ arg z\ < |-7r + Q\ 



We may define Fi {z) in this region by the equation 



Fi {z) = z^ (t) er'' dt, 



J(T/x) 



where the upper sign may be taken if arg z .^ 0, and the lower sign if arg z:SO. 
By repeated integration by parts we get 



i\{z)==[-<i>{t)e-l,,,+ 



4>' (0 e 



■ztl 



^ J(Tm) 



~f-.. -^ 



1 



>^'H0^" 



■zf 



Z 



n 






(j)^''-''^ (t) e 



■zt 



z 



n 



dt. 



From the results (17a) all the integrated parts vanish at the upper limit; and we 
have 



Z Z 



where 



s„ 



(T^) 



2" 
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Now 7i I i^ I — R (z^) ^ — I i I ; and hence from (17a) 



S„z" I < Kj (f cr)""*'^ {n+ 1) ! [ exip{-\t\)d\t 



and Kg is Independent of m 



But we have | S„ 
Sn+i, we get 






; so that, applying the formula just obtained to 



S,^^"^^ I < Ap^^^ {n+ 1) \+K, {^(tY^' . (ti+2) ! . 



But we can find a finite quantity K independent of n such that ^ /Ji \?i — ^ ^ 
when n is a positive integer ; and a fortiori ~^ < K ; therefore, since p-^cr, 

|S,^«-^^| < K {Ap + Ks . fa-} (2a)^ n ! < B^ . (2cr)^ . n !, say. 



That is to say, if 
expansions of the form 



z 



> (yi + 1) cosec (ft— ^^), | arg z | < ^Tr-^6\ we have asymptotic 



ai 



co^ 



"\ 



F(z) = ao+^ + -+^+R„, 



> 



ai 



a. 



Fi(2) = ao+-' + ... + ^+S„, 



• » ft 9 ' « 



, (19) 



where 



-/ 



E, . z''^' I < B . n! (r^ ^ I S, . z""-"' \<B,.n\ (2c^)^ . . . (19a) 



Taking 1=1, and writing 2(r for cr in Theorem V., we conclude, since the 



expansions (19) are valid when 
greater than tt), that 



arg z\:^^TT-i-^d^ {i e, , for a range of values of arg z 
F (z) = F, (z). 



z 



That is to say, in the region 
proved that 

F (.) 



> (71 + 1) cosec (/x-^9, I arg 2: 1 < ^tt+6\ we have 



(tm) 



Z(f> (t) e '^ (it. 



But z^ (t) e "^^ dt is an analytic function of z when R {z exp (— ^/x)} > ju where 



i-h) 



ji is any quantity greater than y ; hence, by the theory of analytic continuation, we 
have 



F(.) 



(-M) 



Z(f>{t)e ^*dt; 



and more generally, if —{X—0) < ^ < X—d, we have^ 



F(^) 



. i-v) 



z(f) (t) e ^^ dt^ provided] R {z exp (—ip)} > yj. 



(f>(t) is analytic along the ray arg ^= -v. 
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Now draw the circle 1 2; j = yi ; and draw the tangents to this circle at 
= yi exp { ±i (X— 2^)} in the directions of the rays arg = + {l^ir+X— 2^} respectively. 
If z be any point to the right of the curve formed by these tangents and the arc of 
the circle joining their extremities (see figure), we can find a real quantity v such 



that 



V 



X—d, and such that 




R {z exp (—ip)} > yi. 



E'or such a value of z we have ^* summed ^^ F (z) by the equation 
which we have just proved, viz. : 



F(.) 



y'<^X-^ff 



Ji~v) 



Z(f){t)e ""* dt. 




In other ivords, tve have shown that F (z) is summahle by means 
of an integral of the same fiature as Boeel's integral,^ 

Returning to the equations at the beginning of the section, 

z = xex^ {—^{a + fi)i}, f(^x)=:F{z), 

we see that f{x) is summable by an integral of the same nature as 
Boeel's integral ; the formal result is hardly worth writing down, 
since it usually happens that a -^ —^^ so that z =^ x, 
10. We may also show, by the methods of Section 9, that if we are given a 
function ^ {f) defined by the series 



^ (^) = ao+ -— + —y + 



where 



a 



X, and ii 



< A .-^^l p"", and if ^ (f) have no singularities in the region | arg t 
when |arg^|^X, |<^ (^) | < K exp {y | ^| }, where K is a constant, then the function 
¥ {z) defined by the equation 

z<^ (t) er'' dt 



JO 



has an asymptotic expansion in powers of Ijz valid when | arg 2; I < |-7r + X — ^ (where 
6 > 0), provided that | ^ | be sufliciently large ; and that unity is a grade and outer 
grade of the expansion, and p is a radius. 
For, when | arg t \ ^ X — ^, we have 



r {t) = 



2^i 



» + 1 ^ ' 



i^-t) 



the contour being a circle ol radius pi""^ sin ^, where pi > /> ; assuming that when 

1 1 ^ pi"\ { (^ (^) I < K, we find without difficulty that 

1 4*71 (0 I < ^^! K [exp {y 1 1] -{■ypi'"^ sin 0}'] {pi cosec^}^ 



^ 



From the results proved concerning <^^^^^(^) it follows that ¥ (z) is " absolutely summable." 
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Now suppose that we can find a real quantity v such that 
R {z exp (— "^V)} > y+1 ; then we may write 



V 



^X^0, 



F{z) 



J i-v) 



Z(t){t)e '^dt; 



and, on integrating by parts^ we get 



F(.) = ao+^ + ... + % + 






i.e., 



16 



Z' 



where 



^rtf\ < (^+1)! K {exp {ypi ^sin 6)] {p^ cosec Oy exp {— {^| } d]^ 



i-v) 



I'.e., 



E'»^'' I < (^"^+ 1) ! K' (pi cosec ^)", where K' is finite. 



Now 






^ ^» + ' 



so that 



R^l < {Ap'^-'^ . (^+1)! + (n+2)! K' (pi cosec Of] 



/ 



;^ 



— »— 1 



If p2 > pi, we have 



p^^ (^ + 1 ) < K V. p,^ (n + 1 ) {n + 2) < K^^^Z, 



»~i 



where K^', K'^' are finite and independent of n. 

Therefore 

R„ I < B (p2 cosec Of ,7i\\z 

That is to say, for values of z such that 

R {2Jexp ( — ^V)} > y+l, 

where \v\ is less than or equal to \—6, F (2;) has an asymptotic expansion with 
grades equal to unity, a radius p, and an outer radius pg cosec 0, where p^ is any 
quantity greater than p. This is, effectively, the result stated at the beginning of 
the section. 

11. We shall conclude by investigating the characteristics of the asymptotic 
expansion of a function connected with the "logarithmic integral," or "W function, 
defined by the equation 



li {e-') = 



e ^ 



J X 



t 



dt 



o L Jj 
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When X is real and positive it is known that 



# 



e 



X 



»A/ «A/ t^./ «A^ 



where 1 1\, | < ^^! aj~''"~l 

Thus, when x is real and positive, e"^ lr{e~''^) has an asymptotic expansion of which 
characteristics are 

A/ = 1, /> = i 



V '-^ L 



0* 



JL j 



Suppose that a? is complex, but not a real negative quantity. Then we may prove 
that 



e'^liie ^) 



so 



that 



where 



/»00 

Jo 


e~~" 


x-\-v 


<»oo 






e~" ] 


Jo 





#i; 



,?i--i 



--'--- —T> + ••« "f* { ~~' ) ------ V (Xt/ + ( — ) 



CO 



W^ — U 



t; 6 



iC 



M 



{x-\-v) 



dvj 



e'^liie "") 



1 1 









liy^ 






^'^ t)\^'~'*^ 







x'' (x-\-v) 



c 



iv. 



If R {x) > 0, on the path of integration j 0:; + ^ | 



Jb 



If R (ir) < 0, then \x+v 
Thus, if R {x) ^ 0, 



JL \Q0) 



liereas, it 



we have 



so that 



i c» 



R 



n 



X 



n 1 1 ^fi^^ ^ dv ^\x\ ^ ^ . w ! . 





|-7r ^ I arg rr 



|-7r + c^ 



(a < Itt), 



Ii't'I 

JL I i.V I 



R,i :^ sec a 






cos ot, 

1 -?l-l I 






ars; x 



|ir+a, the function e''li{e "") possesses an asymptotic expansion 



2 



of which characteristics and constants are 



fC — 1, 

I = 1. 






= 1 

= 1 or sec a, 



the value unity being taken for B if | arg x 






•m 



* Whittaker, * Modern Analysis,' § 87, 
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Other functions which may be investigated in a similar manner are to be found in 
Bromwich's 'Theory of Infinite Series/ pp. 351-352. 

The investigation of the characteristics of asymptotic series representing functions 
defined by integrals of types essentially different from Borel^s type is to be found in 
the paper by the writer, cited on p. 282. 

12. Finally, it may be stated that it is possible to conceive a function which has an 
asymptotic expansion 

Of-o H h . . . H — ^ + i\>ni 

X X 

t 
wherein, as n-^co^ |a^| increases more rapidly than any expression of the form 

AV (kn+l) p"" ; such an expansion would be obtained by taking a„ = G(n-l-l) where 

G {n) is Barnes' G-function. But such series have not yet occurred in analysis, and 

they do not appear to possess the interesting properties of series with finite 

characteristics. 
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